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Abstract

We consider the problem of learning accurate models from multiple sources of
“nearby” data. Given distinct samples from multiple data sources and estimates
of the dissimilarities between these sources, we provide ageneral theory of which
samples should be used to learn models for each source. Thistheory is applicable
in a broad decision-theoretic learning framework, and yields results for classifi-
cation and regression generally, and for density estimation within the exponential
family. A key component of our approach is the development of approximate
triangle inequalities for expected loss, which may be of independent interest.

1 Introduction

We introduce and analyze a theoretical model for the problem of learning from multiple sources of
“nearby” data. Asahypothetical example of where such problems might arise, consider the follow-
ing scenario: For each web user in alarge population, we wish to learn a classifier for what sites
that user islikely to find “interesting.” Assuming we have at least a small amount of labeled datafor
each user (as might be obtained either through direct feedback, or via indirect means such as click-
throughs following a search), one approach would be to apply standard learning algorithms to each
user's datain isolation. However, if there are natural and accessible measures of similarity between
the interests of pairs of users (as might be obtained through their mutual 1abelings of common web
sites), an appealing alternative is to aggregate the data of “nearby” users when learning a classifier
for each particular user. This alternative is intuitively subject to a trade-off between the increased
sample size and how different the aggregated users are.

We treat this problem in some generality and provide a bound addressing the af orementioned trade-
off. In our model there are K unknown data sources, with source i generating a distinct sample .S;
of n; observations. We assume we are given only the samples S;, and a disparity® matrix D whose
entry D(4, j) bounds the difference between source i and source j. Given these inputs, we wish to
decide which subset of the samples S; will result in the best model for each source <. Our frame-
work includes settings in which the sources produce data for classification, regression, and density
estimation (and more generally any additive-loss learning problem obeying certain conditions).

Our main result is ageneral theorem establishing a bound on the expected loss incurred by using all
data sources within a given disparity of the target source. Optimization of this bound then yields a
recommended subset of the data to be used in learning a model of each source. Our bound clearly
expresses a trade-off between three quantities: the sample size used (which increases as we include
data from more distant models), a weighted average of the disparities of the sources whose data is
used, and amodel complexity term. It can be applied to any learning setting in which the underlying
loss function obeys an approximate triangle inequality, and in which the class of hypothesis mod-
els under consideration obeys uniform convergence of empirical estimates of loss to expectations.

1We avoid using the term distance since our results include settings in which the underlying loss measures
may not be formal distances.



For classification problems, the standard triangle inequality holds. For regression we prove a 2-
approximation to the triangle inequality, and for density estimation for members of the exponential
family, we apply Bregman divergence techniques to provide approximate triangle inequalities. We
believe these approximations may find independent applications within machine learning. Uniform
convergence bounds for the settings we consider may be obtained via standard data-independent
model complexity measures such as VC dimension and pseudo-dimension, or via more recent data-
dependent approaches such as Rademacher complexity.

The research described here grew out of an earlier paper by the same authors [1] which examined
the considerably more limited problem of learning a model when all data sources are corrupted
versions of a single, fixed source, for instance when each data source provides noisy samples of a
fixed binary function, but with varying levels of noise. In the current work, each source may be
entirely unrelated to al others except as constrained by the bounds on disparities, requiring us to
develop new techniques. Wu and Dietterich studied similar problems experimentally in the context
of SVMs[2]. The framework examined here can also be viewed as atype of transfer learning [3, 4].

In Section 2 we introduce a decision-theoretic framework for probabilistic learning that includes
classification, regression, density estimation and many other settings as special cases, and then give
our multiple source generalization of this model. In Section 3 we provide our main result, which is
a general bound on the expected loss incurred by using al data within a given disparity of atarget
source. Section 4 then applies this bound to avariety of specific learning problems. In Section 5 we
briefly examine data-dependent applications of our general theory using Rademacher complexity.

2 Learning models

Before detailing our multiple-source learning model, wefirst introduce a standard decision-theoretic
learning framework inwhich our goal isto find amodel minimizing ageneralized notion of empirical
loss [5]. Let the hypothesis class H be a set of models (which might be classifiers, rea-valued
functions, densities, etc.), and let f be the target model, which may or may not lie in the class
‘H. Let z be a (generdized) data point or observation. For instance, in (noise-free) classification
and regression, z will consist of a pair (x,y) where y = f(x). In density estimation, z is the
observed value x. We assume that the target mode! f induces some underlying distribution P; over
observations z. In the case of classification or regression, Py isinduced by drawing the inputs =
according to some underlying distribution P, and then setting y = f(xz) (possibly corrupted by
noise). In the case of density estimation f simply defines a distribution P; over observations x.

Each setting we consider has an associated loss function L(h, z). For example, in classification we
typically consider the 0/1 loss: L(h, (x,y)) = 0 if h(x) = y, and 1 otherwise. In regression we
might consider the squared loss function £(h, (x, y)) = (y—h(z))?. Indensity estimation we might
consider thelog loss £(h, ) = log(1/h(x)). In each case, we are interested in the expected |oss of
amodel go ontarget g1, e(g1,92) = E.op, [L(g2, 2)]. Expected lossis not necessarily symmetric.

In our multiple source model, we are presented with K distinct samples or piles of data S1, ..., Sk,
and asymmetric K x K matrix D. Each pile S; contains n; observations that are generated from a
fixed and unknown mode! f;, and D satisfiese(f;, f;), e(f;, fi) < D(i, j). 2 Our goal isto decide
which piles .S; to usein order to learn the best approximation (in terms of expected |oss) to each f;.

While we are interested in accomplishing this goa for each f;, it suffices and is convenient to
examine the problem from the perspective of a fixed f;. Thus without loss of generality let us
suppose that we are given piles Sy, ..., Sk of size nq,...,ng from models f1, ..., fx such that
e =D(1,1) <ea=D(1,2) <--- <ex = D(1,K), and our goa isto learn f;. Here we have
simply taken the problem in the preceding paragraph, focused on the problem for f7, and reordered
the other models according to their proximity to f;. To highlight the distinguished role of the target
f1 we shall denote it f. We denote the observations in S; byz7, .. .,z%j. In al cases we will

analyze, for any k£ < K, the hypothesis b minimizing the empirical loss é;(h) on the first k piles
Sl, ey Sk, i.e

2While it may seem restrictive to assume that D is given, notice that D (4, j) can be often be estimated from
data, for example in a classification setting in which common instances labeled by both f; and f; are available.
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where ni., = ni + - -+ + ni. We also denote the expected error of function ~ with respect to the
first k piles of dataas

3 General theory

In this section we provide the first of our main results. a general bound on the expected loss of the
model minimizing the empirical 10ss on the nearest £ piles. Optimization of this bound leads to a
recommended number of pilesto incorporate when learning f = fi. The key ingredients needed to
apply this bound are an approximate triangle inequality and a uniform convergence bound, which
we define below. In the subseguent sections we demonstrate that these ingredients can indeed be
provided for a variety of natural learning problems.

Definition 1 For o« > 1, we say that the a-triangle inequality holds for a class of models F and
expected loss function e if for all g1, g2, g3 € F we have

e(g1,92) < ale(gr, g3) + e(g3, g2))-
The parameter « > 1 isa constant that depends on F and e.

The choice o = 1 yields the standard triangle inequality. We note that the restriction to modelsin
the class 7 may in some cases be quite weak — for instance, when F is al possible classifiers or
real-valued functions with bounded range— or stronger, asin densities from the exponential family.
Our results will require only that the unknown source models f1, ..., fx liein F, even when our
hypothesis models are chosen from some possibly much more restricted class’H C F. For now we
simply leave F as aparameter of the definition.

Definition 2 A uniform convergence bound for a hypothesis space H and loss function £ is a
bound that states that for any 0 < § < 1, with probability at least 1 — ¢ for any h € ‘H

é(h) — e(h)| < B(n, )

whereé(h) = % i, L(h, z) for n observations z1, . . ., z,, generated independently according to
distributions P, ... P,, and e(h) = E [é(h)] where the expectation istaken over z1,...,z,. fisa
function of the number of observationsn and the confidence ¢, and depends on H and L.

This definition simply asserts that for every model in H, its empirical loss on a sample of size n
and the expectation of this loss will be “close” In genera the function G will incorporate stan-
dard measures of the complexity of H, and will be a decreasing function of the sample size n, as
in the classical O(/d/n) bounds of VC theory. Our bounds will be derived from the rich litera-
ture on uniform convergence. The only twist to our setting is the fact that the observations are no
longer necessarily identically distributed, since they are generated from multiple sources. However,
generalizing the standard uniform convergence results to this setting is straightforward.

We are now ready to present our general bound.

Theorem 1 Let e be the expected loss function for loss £, and let F be a class of models for which
the a-triangle inequality holds with respect to e. Let H C F be a class of hypothesis models for
which thereisa uniform convergence bound 3 for £. Let K € N, f = fi, fa, ..., fx € F, {e:} K4,
{n;}X |, and h,, be as defined above. For any § suchthat 0 < & < 1, with probability at least 1 — 4,
foranyk e {1,...,K}

n;

o(f ) < <a+a2>z<

=1

nl:k) € +2a8(ny.k, 6/2K) + a? 2%1% {e(f,h)}



Before providing the proof, et us examine the bound of Theorem 1, which expresses a natural and
intuitive trade-off. The first term in the bound is a weighted sum of the disparities of the k < K
models whose data is used with respect to the target model f = f;. We expect thisterm to increase
as we increase k to include more distant piles. The second term is determined by the uniform
convergence bound. We expect this term to decrease with added piles due to the increased sample
size. Thefinal term iswhat istypically called the approximation error — the residual loss that we
incur simply by limiting our hypothesis model to fall in the restricted class . All three terms are
influenced by the strength of the approximate triangle inequality that we have, as quantified by «.

The bounds given in Theorem 1 can be loose, but provide an upper bound necessary for optimization
and suggest a natural choice for the number of piles k* to use to estimate the target f:

k

k* = argmin | (o + o (nZ
g (( > —

4 > € + 2aﬁ(n1:k75/2K)> .
i=1 :

Theorem 1 and this optimization make the implicit assumption that the best subset of piles to use
will be aprefix of the piles— that is, that we should not “ skip” anearby pilein favor of more distant
ones. Thisassumption will generally be truefor typical data-independent uniform convergence such
as VC dimension bounds, and true on average for data-dependent bounds, where we expect uniform
convergence bounds to improve with increased sample size. We now give the proof of Theorem 1.

Proof: (Theorem 1) By Definition 1, forany h € H,any k € {1,... K},andany i € {1,...,k},

(nnk> b < (;) (aelf, f:) + ae(fi, b))

1:k

Summing over al i € {1,...,k}, wefind

e(fh) < 2;( )ae f, £ + ae(fi, b))

() enr

In the first line above we have used the «a-triangle inequality to deliberately introduce a weighted
summation involving the f;. In the second line, we have broken up the summation. Notice that the
first summation is aweighted average of the expected loss of each f;, while the second summation
isthe expected loss of h on the data. Using the uniform convergence bound, we may assert that with
high probability e, (h) < éx(h) + S(n1.x,0/2K), and with high probability

) (fi, ) Xk:( )Eq;—i-aek(h)

ni:k ni:k

heH heH N1k

k
ér(hi) = min{éx(h)} < min {Z ( n; ) e(fi, h) +5(n1:k,5/2K)}

Putting these pieces together, we find that with high probability
k

e(f,hi) < ozz(n?k)el+2aﬂ(n1k,5/2K)+aml {Z<n1k>€(fi7h)}

=1
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Figure 1: Visual demonstration of Theorem 2. In this problem there are K = 100 classifiers, each defined by
2 parameters represented by apoint f; in the unit square, such that the expected disagreement rate between two
such classifiers equals the L, distance between their parameters. (It is easy to create simple input distributions
and classifiersthat generate exactly this geometry.) We chose the 100 parameter vectors f; uniformly at random
from the unit square (the circles in the left panel). To generate varying pile sizes, we let n; decrease with the
distance of f; from a chosen “central” point at (0.75,0.75) (marked “MAX DATA” in the left panel); the
resulting pile sizes for each model are shown in the bar plot in the right panel, where the origin (0, 0) isin the
near corner, (1, 1) in the far corner, and the pile sizes clearly peak near (0.75,0.75). Given these f;, n; and
the pairwise distances, the undirected graph on the left includes an edge between f; and f; if and only if the
data from f; is used to learn f; and/or the converse when Theorem 2 is used to optimize the distance of the
data used. The graph simultaneously displays the geometry implicit in Theorem 2 as well as its adaptivity to
local circumstances. Near the central point the graph is quite sparse and the edges quite short, corresponding
to the fact that for such models we have enough direct data that it is not advantageous to include data from
distant models. Far from the central point the graph becomes dense and the edges long, as we are required to
aggregate alarger neighborhood to learn the optimal model. In addition, decisions are affected locally by how
many models are “nearby” a given model.

4 Applicationsto standard learning settings

In this section we demonstrate the applicability of the general theory given by Theorem 1 to several
standard learning settings. We begin with the most straightforward application, classification.

4.1 Binary classification

In binary classification, we assume that our target model is a fixed, unknown and arbitrary function
f from some input set X' to {0, 1}, and that there is afixed and unknown distribution P over the X'
Notethat the distribution P over input does not depend on thetarget function f. The observationsare
of theform z = (x,y) wherey € {0,1}. Thelossfunction L(h, (z,y)) isdefined as 0 if y = h(x)
and 1 otherwise, and the corresponding expected loss is e(g1, g2) = E(s yy~p,, [£(g2, (2, 9))] =
Proplg1(z) # g2(z)]. For O/1 lossit is well-known and easy to see that the (standard) 1-triangle
inequality holds, and classical VC theory [6] provides us with uniform convergence. The conditions
of Theorem 1 are thus easily satisfied, yielding the following.

Theorem 2 Let F be the set of all functions from an input set X" into {0,1} and let d be the VC
dimension of H C F. Let e be the expected O/1 loss. Let K € N, f = fi, fo,..., fx € F,
{5, {n;}K |, and hy, be as defined above in the multi-source learning model. For any 4 such
that 0 < 6 < 1, with probability atleast 1 — ¢, forany k € {1,..., K}

k
o(f, iLk) < QZ ( n; ) o hmei;_‘l{e(f, Y+ 2\/dlog (2en1.,/d) + log (16K/9)

N1k 8n1:k

In Figure 1 we provide a visual demonstration of the behavior of Theorem 1 applied to a simple
classification problem.



4.2 Regression

We now turn to regression with squared loss. Here our target model f is any function from an input
class X' into some bounded subset of R. (Frequently we will have X C R?, but thisis not required.)
We again assume afixed but unknown distribution P (that does not depend on f) on the inputs. Our
observations are of the form z = (x,%). Our loss function is L(h, {x,y)) = (y — h(x))?, and the

expected lossisthus e(g1, g2) = Bz yy~p,, [£(92, (,9))] = Eonp [(91(2) — g2(2))?].

For regressionit isknown that the standard 1-triangle inequality does not hold. However, a2-triangle
inequality does hold and is stated in the following lemma. The proof is given in Appendix A.

Lemmal Given any three functions g, g2, g3 : X — R, a fixed and unknown distribution P on
theinputs X', and the expected loss e(g1, g2) = Eznp [(91(2) — g2())?],

e(91,92) < 2(e(g1,93) +elg3, 91)) -

The other required ingredient is a uniform convergence bound for regression with squared loss.
Thereisarich literature on such bounds and their corresponding complexity measures for the model
class H, including the fat-shattering generalization of VC dimension [7], e-nets and entropy [6] and
the combinatorial and pseudo-dimension approaches beautifully surveyed in [5]. For concreteness
here we adopt the latter approach, since it serves well in the following section on density estimation.

While a detailed exposition of the pseudo-dimension dim(#) of aclass H of real-valued functions
exceeds both our space limitations and scope, it suffices to say that it generalizes the VC dimension
for binary functions and plays a similar role in uniform convergence bounds. More precisely, in the
same way that the VC dimension measures the largest set of points on which a set of classifiers can
exhibit “arbitrary” behavior (by achieving al possible labelings of the points), dim(H) measures
the largest set of points on which the output values induced by H are “full” or “space-filling.”
(Technically we ask whether {(h(z1),...,h(zq)) : h € H} intersects al orthants of R? with
respect to some chosen origin.) Ignoring constant and logarithmic factors, uniform convergence
bounds can be derived in which the complexity penalty is y/dim(H)/n. Aswith the VC dimension,
dim(H) is ordinarily closely related to the number of free parameters defining . Thus for linear
functionsin R? itis O(d) and for neural networks with W weightsit is O(W), and so on.

Careful application of pseudo-dimension resultsfrom [5] along with Lemma 1 and Theorem 1 yields
the following. A sketch of the proof appearsin Appendix A.

Theorem 3 Let F bethe set of functions from X’ into [— B, B] and let d be the pseudo-dimension of
H C F under squared loss. Let e be the expected squared loss. Let K € N, f = fi, fo,..., fx €
F,{e}E, {ni}E,, and hy be as defined in the multi-source learning model. Assume that 7, >
d/16e. For any ¢ suchthat 0 < § < 1, with probability atleast 1 — ¢, forany k € {1,..., K}

e(f,hy) < Z( . )61+4m1n{e(f, )1 4+128B2 (\/7 \/TK/(S) ( 1662111;9)

4.3 Density estimation

We turn to the more complex application to density estimation. Here our models are no longer func-
tions, but densities P. Thelossfunction for an observation = isthelog loss £( P, z) = log (1/P(x)).
The expected lossisthen e(Py, Po) = Epop, [L(P2,x)] = Ezop, [log(1/Pa(x))].

As we are not aware of an a-triangle inequality that holds simultaneously for al density func-
tions, we provide general mathematical toolsto derive specialized a-triangle inequalities for specific
classes of distributions. We focus on the exponential family of distributions, which is quite general
and has nice properties which allow us to derive the necessary machinery to apply Theorem 1. We
start by defining the exponentia family and explaining some of its properties. We proceed by de-
riving an a-triangle inequality for Kullback-Liebler divergence in exponential families that implies
an a-triangle inequality for our expected loss function. This inequality and a uniform convergence
bound based on pseudo-dimension yield a general method for deriving error bounds in the multiple
source setting which we illustrate using the example of multinomial distributions.



Let z € X be arandom variable, in either a continuous space (e.g. X C R?) or a discrete space
(e.g. X C 7). We define the exponential family of distributions in terms of the following compo-
nents. First, we have a vector function of the sufficient statistics needed to compute the distribution,
denoted ¥ : R? — R%', Associated with U isavector of expectation parameters i € R? which pa-
rameterizes a particular distribution. Next we have a convex vector function ' : R — R (defined
below) which is unique for each family of exponential distributions, and a normalization function
Py(x). Using this notation we define a probability distribution (in the expectation parameters) to be

Pp(z|p) = eVF(u)-(‘I’(w)*u)JrF(u)po(x) ) (1)

For al distributions we consider it will hold that E,p . (.| .) [¥(x)] = p. Using thisfact and the lin-
earity of expectation, we can derive the Kullback-Liebler (KL) divergence between two distributions
of the same family (which use the same functions F" and W) and obtain

KL(Pp (z|m) | Pr(zlp)) = Flp) = [Flp2) + VF(p2) - (11 — p2)] - @

We define the quantity on the right to be the Bregman divergence between the two (parameter) vec-
tors 111 and o, denoted By (141 || p2). The Bregman divergence measures the difference between
F and itsfirst-order Taylor expansion about 1., evaluated at 1. Eq. (2) statesthat the KL divergence
between two members of the exponential family isequal to the Bregman divergence between the two
corresponding expectation parameters. We refer the reader to [8] for more details about Bregman
divergences and to [9] for more information about exponential families.

We will use the above relation between the KL divergence for exponential families and Bregman
divergences to derive a triangle inequality as required by our theory. The following lemma shows
that if we can provide atriangle inequality for the KL function, we can do so for expected log loss.

Lemma 2 Let e be the expected log loss, i.e. e(Py, P,) = E,p, [log(1/P(x))]. For any three
probability distributions Py, P, and Ps, if KL (P || P2) < a(KL (P, || P3) + KL (Ps || P)) for
some « > 1 then G(Pl,PQ) < Ol(e(Pl,Pg) + €(P3,P2)).

The proof is given in Appendix B. The next lemma gives an approximate triangle inequality for the
KL divergence. We assume that there exists a closed set P = {1} which contains all the parameter
vectors. The proof (again see Appendix B) uses Taylor’s Theorem to derive upper and lower bounds
on the Bregman divergence and then uses Eq. (2) to relate these bounds to the KL divergence.

Lemma3 Let Py, P, and P be distributions from an exponential family with parameters p and
function F'. Then

KL(Py || P2) <a(KL(Py || P3) +KL(Ps || P2))
where o = 2supgep M (H(F(E)))/ infeep Ao (H(F(E))). Here A1(-) and Ay (-) are the highest
and lowest eigenvalues of a given matrix, and H (-) isthe Hessian matrix.

The following theorem, which states bounds for multinomial distributions in the multi-source set-
ting, isprovided to illustrate the type of resultsthat can be obtained using the machinery describedin
this section. More details on the application to the multinomial distribution are given in Appendix B.

Theorem 4 Let F = 'H be the set of multinomial distributions over N values with the probability
of each value bounded from below by ~ for some v > 0, and let « = 2/~. Let d be the pseudo-
dimension ofH under log loss, and let e bethe expected log loss. Let K € N, f = f1, fa,..., [k €
F, e}, 3 {n}K, and hy, be as defined above in the multi-source learning model. Assume that
ny > d/16e. For any 0 < ¢ < 1, with probability atleast 1 — ¢ for any k € {1,..., K},

k

(i) < (a+a)z<ni>ez+amm{e(ﬁ n

+ 12810g (,/ 4 | nd6K/0) 16K/5 ) ( 1662111 k)

3Here we can actually make the weaker assumption that the ¢; bound the KL divergences rather than the
expected log loss, which avoids our needing upper bounds on the entropy of each source distribution.




5 Data-dependent bounds

Given the interest in data-dependent convergence methods (such as maximum margin, PAC-Bayes,
and others) in recent years, it is natural to ask how our multi-source theory can exploit these modern
bounds. We examine one specific case for classification here using Rademacher complexity [10, 11];
analogs can be derived in asimilar manner for other learning problems.

If H isaclass of functions mapping from a set X’ to R, we define the empirical Rademacher com-

plexity of H on afixed set of observations x4, . .., z, as
R,(H) =E |su 2 i h(xi)|| = x
n = > - O N\T; yeresdn
heg n-- !
where the expectation istaken over independent uniform {+1}-valued random variables oy, . . . , 0.

The Rademacher complexity for n observationsisthen defined as R, (H) = E {RH(H)} where the
expectationisover xy, ..., T,.

We can apply Rademacher-based convergence bounds to obtain a data-dependent multi-source
bound for classification. A proof sketch using techniques and theorems of [10] isin Appendix C.

Theorem 5 Let F be the set of all functions from an input set X into {-1,1} and let R,,, , bethe
empirical Rademacher complexity of H C F on thefirst k£ piles of data. Let e be the expected 0/1
loss. Let K € N, f = f1, fo,..., fx € F, {e;}<,, {n;}5 |, and h;, be as defined in the multi-
source learning model. Assume that ny > d/16e. For any ¢ such that 0 < ¢ < 1, with probability
atleast1 — ¢, forany k € {1,..., K}

21n(4K/5)

ni:k

k
e(fhe) <2 ( i ) i+ min {e(f,h)} + Ry (H) +4
i=1

ni:k

Whilethe use of data-dependent complexity measures can be expected to yield more accurate bounds
and thus better decisions about the number £* of pilesto use, it isnot without its costsin comparison
to the more standard data-independent approaches. In particular, in principle the optimization of
the bound of Theorem 5 to choose k£* may actually involve running the learning algorithm on all
possible prefixes of the piles, since we cannot know the data-dependent complexity term for each
prefix without doing so. In contrast, the data-independent bounds can be computed and optimized
for £* without examining the data at all, and the learning performed only once on thefirst £* piles.
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A Detailsof the Application to Regression

A.1 Proof of Lemma1l
Forany z ¢ X
91(x) = g2(z)| = [91(2) — g3(x) + g3(x) — g2(x)| < |g1(x) — g3(2)[ + |g3(x) — g2()|.
Since both sides of this equation are nonnegative, we have
(l91(2) = g2(2)])? < (l92(x) — g3(x)| + lga(2) — g2(2)])?
and
e(91,92) = E[(g1(z) - g2(2))’] <E [(\gl(x) —g3(@)| + lgs(z) — g2(2)

E [(g1(2) — g3())* + (g3(2) — g2())* + 2[(91(x) — g3(=)
e(91,93) + (g3, 92) + 2E[[(g1(z) — g3(2))(g3(z) — ga(2))|
e(g1,93) + e(gs, 92) + E [(g1(x) — g3(x))* + (g3(x) — ga(=
= 2e(g1,93) + 2e(g3, 92)

7’

|
(93(x) = g2(2))l]

)
]
)

IN

)?]

where all expectations are taken over z. The second inequality follows from the fact that for any
real numbersy and z wehave 0 < (y — 2)? = y* + 2% — 2yz and thus yz < 1(y* + 22). |

A.2 Proof Sketch of Theorem 3
The following lemmais similar to Corollary 2 of [5] and is thus stated without proof.
Lemma4 Let H be a hypothesis class such that for each h € H there exists a loss function £(h, -)

froma set Z into [0, M]. Let d be the pseudo-dimension of these loss functionswith 1 < d < oo
Forany e suchthat 0 < e < M

d
Pr[3h e H:|é(h) —e(h)| > ] < 8 <32eM In 32eM) g n/64M”
€ €
where e(h) = L5  L(h,z) for observations z1, . . ., z, drawn from the target distribution, and
e(h) =E[é(h Twhere the expectation istaken over zq, ..., z,.
We set

€ €

d
5> 8 (32eM . 320M> oo

and find that when n > d/16e, avalid solution for € inis given by

1) )

Noting that the squared loss function applied to a class of functions with output in [—B, B] is
bounded by 452, this yields the following result.

Lemmab5 Let  be a class of functions from an input set X to [— B, B]. Let L(h, (z,y)) = (y —
h(x))? be the squared loss function with pseudo-dimension d when apphed to H The following
function (3 is a uniform convergence bound for 7 and £ whenn > d/16e.

B(n,8) = 32182 (ﬁJr \/ln(i/@) <\/1n 162271)

Theorem 3 isthen adirect application of Theorem 1 using Lemmas 1 and 5. |




B Details of the Application to Density Estimation

B.1 Proof of Lemma 2

Let H(P) denote the entropy of the distribution P. Recall that H(P) > 0 and notethat e(P;, P») =
KL(P, || Po)+H(Py). AssumingKL (P || P2) < (KL (Py || P3) + KL (Ps || P)), we have
e(Pr,P2) = KL(P1 | P2)+H(P) <oKL (P || Ps) +KL(Ps || P2)) +H(P)

= (e(Py, P3) —H(Py) 4 e(Ps, Py) — H(Ps)) + H(Py)
(e(P1, P3) + e(P3, P)) — (a— 1)H(Py) — aH(P5)
(e(Pr, P3) + e(Ps, Py)) .

IA
2 2 2

B.2 Proof of Lemma3

We remind the reader that £’ is convex and thus its Hessian matrix H (F') is positive semi-definite.
By definition,
Br (1 || p2) = F(u) = [F(p2) + VF(u2) - (11 — p2)] -

Recall that P = {1} isthe set of all parameter vectors. By Taylor's Theorem, there existsa&* € P
such that )
Br (ua || p2) = 5 (1 — p2) " H(F(E)) (1 — pa) -

We can use the last equality to derive both upper and lower bounds on the Bregman divergence. Let
A1(+) and Ay (+) be the highest and lowest eigenvalues of a matrix respectively. Then

Br (1 | i) < 3l — ol sup M(H(F(E)) ©
£epr
and

B || 1) 2 gllas — el f A (HOF(E)
e Br (p || p2) >
R e oy “

An application of a generalization of Lemma 1 for vectors to Eq. (3) followed by two applications
of Eq. (4) yields

Br (|l p2) < (Il —psl® + HMS—N2||2)§1€17F;)\1(H(F(§)))
supgep M1 (H(F(S)))
2 (e e ) B o )+ B G | )
= aBp(u || p3)+Br(ps || p2))-
By the definition of Bregman divergence and Eq. (2), we have
KL(Py || P2) < a(KL(Py || P3)+KL(Ps || P2)) .

N

B.3 Proof Sketch of Theorem 4

Consider the case of multinomial distributions. The probability space consists of N distinct events
{1,..., N}. We assign to the ith event the ith standard vector E;, where E;(j) = 1if i = j and
zero otherwise. In this example, the ith element of 1 € RY equals the probability of getting the ith
element in the probability space. Clearly, we havethat ). y1; = 1.

The sufficient statistics are the NV indicators for each of the NV possible atomic states of the space,
that is U(x) = z. The Bregman function is given by F(z) = 3 . x;log(x;) — x;, and its first



derivative is VF'(z) = (...log(x;)...). The normalization function is Py(z) = e. Plugging the
above definitionsin Eq. (1) we get
Pp(ilp) = e2=5lo9wa)(Bul)—m)tuslog(ni)=r; e

¢ 108 Ei) =5 15 ¢ = T, PP eLe =

)

as required. We compute the second derivative of F' and get a diagona matrix, where the value of
the ith element of the diagonal is 1/ ;.

We can bound infecp Ag (H(F(§))) = 1 aswe need for Lemma 3. In order to compute the match-
ing sup bound, we restrict the set of multinomial distributions we consider and enforce a lower
bound of v > 0 over the probability of each atomic event. The new set of parameter vectors be-
comes P, = {p : p; > ~v}. We then have, supecp A1 (H(F(£))) = 1/7, and the constant in

Lemma 3 becomes 2/~ = a.

We can apply the pseudo-dimension results from [5] along with Lemma 3 and Theorem 1 to derive
the proof of Theorem 4.

C Detailsof the Data-Dependent Bounds

C.1 Proof Sketch of Theorem 5

The following data-dependent uniform convergence bound for binary classification is adopted with
only minor modifications from [10] and as such is stated here without proof.

Lemma6 Let F bea set of {£1}-valued functions defined on X" and let £ be the 0/1 loss function.
The following function 3 is a uniform convergence bound for F and L.

B(n, 8) = Rn;f) n /111(227{5).

The following lemma, which relates the true Rademacher complexity of a function class with its
empirical Rademacher complexity, follows immediately from Theorem 11 of [10].

Lemma7 Let H be a class of functions mapping to [—1, 1]. For any integer n, for any 0 < 6 < 1,

with probability 1 — 4,
[81In(2/6

Theorem 5 then follows from the application of Theorem 1 using the 1-triangle inequality and Lem-
mas 6 and 7. [



